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Abstract 

We compare two applications of the gauge/gravity correspondence to a non con¬ 
formal gauge theory, based respectively on the study of D-branes wrapped on su¬ 
persymmetric cycles and of fractional D-branes on orbifolds. We study two brane 
systems whose geometry is dual toW = 4, D = 2-|-l super Yang-Mills theory, the 
first one describing D4-branes wrapped on a two-sphere inside a Calabi-Yau two¬ 
fold and the second one corresponding to a system of fractional D2/D6-branes on 
the orbifold M'^/Z 2 . By probing both geometries we recover the exact perturbative 
running coupling constant and metric on the moduli space of the gauge theory. We 
also find a general expression for the running coupling constant of the gauge theory 
in terms of the “stringy volume” of the two-cycle which is involved in both types of 
brane systems. 


^Work partially supported by the European Commission RTN programme HPRN-CT-2000-00131. 
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1 Introduction 

The gauge/gravity correspondence has its origin on the fact that, on the one hand, D- 
branes are classical solutions of the low-energy string effective action and, on the other 
hand, they have a gauge theory living in their world-volume. This means that the low- 
energy dynamics of D-branes can be used to determine the properties of the gauge theory 
and vice-versa. 

The most successful realization of this correspondence is the Maldacena conjecture [Q, 
conhrmed by all subsequent studies, according to which ten-dimensional type IIB string 
theory compactihed on AdS^ x is dual to A/” = 4 super Yang-Mills theory in four¬ 
dimensional Minkowski spacetime. 

However, A/” = 4 super Yang-Mills in four dimensions is a rather special theory due 
to its conformal properties and its high amount of supersymmetry. Therefore, a lot of 
effort has been recently devoted to hnd possible extensions of the Maldacena duality to 
non conformal and less supersymmetric gauge theories, or at least to use the low-energy 
brane dynamics to extract information on the properties of such more realistic theories. 

Two approaches to this problem have been largely pursued, based respectively on the 
study of: 
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• D-branes wrapped on supersymmetric cycles |^; 

• Fractional D-branes on orbifolds i, I, I, IB- 


After A/” = 4 super Yang-Mills, the next natural system to consider is A/” = 2 super 
Yang-Mills theory in four dimensions, also with matter. This system has been studied, 
on the one hand, by considering fractional D3-branes on orbifolds [H, ^ and systems 


made of fractional D3/D7-branes [T^, and, on the other hand, by considering D5- 
branes wrapped on a two-cycle inside a Calabi-Yau two-fold 0, 0- The low-energy 
dynamics of wrapped branes has also been recently used to study other gauge theories 


The use of fractional and wrapped branes presents some interesting similarities that 
are not surprising since fractional branes on orbifolds can be seen as D-branes wrapped 
on cycles that are vanishing in the orbifold limit of the ALE space which corresponds to 
the blow-up of the orbifold space p, ||, |. In fact, by probing the supergravity solutions 
describing the two types of systems, one is able to recover all the relevant perturbative 
information on the Coulomb branch of the gauge theory living on the branes, namely the 
running coupling constant and the metric on the moduli space of the theory. 

These two approaches, however, have not been able to provide information on the non- 
perturbative features of the gauge theories, as for instance on the instanton contribution 
to the moduli space of A/" = 2 super Yang-Mills in four dimensions. This is related to the 
existence at short distance of an enhangon where the supergravity solution becomes 
inconsistent, because at this distance the probe brane becomes tensionless, signalling the 
appearance of new massless degrees of freedom. This means that the supergravity approx¬ 
imation is not valid anymore and that the region inside the enhangon is excised. This 
fact prevents to get information on the strong coupling regime of the gauge theory living 
in the world-volume of the branes, that is in fact determined by what happens inside the 
enhangon. To overcome this problem one must presumably also include the new massless 
degrees of freedom, as attempted for instance in Ref. p6|Pi 

In this paper we will apply both approaches discussed above to the study of A/” = 4, 
D = 2 -|- 1 super Yang-Mills theory, which is a theory with 8 Poincare supercharges. 
The interest in this theory resides mainly in the fact that its properties, perturbative and 
nonperturbative, are well known |]30|, 0. This is also the theory where the enhangon was 
hrst found using a different approach based on the study of D6-branes wrapped on K3 
surfaces. 

We will hrst consider a system made up of N D4-branes wrapped on a two-cycle inside a 
Calabi-Yau two-fold. The crucial property of this system, as of any other system of branes 
wrapped on supersymmetric cycles, is that the geometrical structure of the background 
forces the gauge theory living on the world-volume of the branes to be partially topologically 


^Apart from the two approaches that we consider in this paper, other interesting ones are based on 
the study of fractional D-branes on conifolds (see Ref. |Q and Ref.s therein) and of M-branes wrapped on 
Riemann surfaces | 

^For recent developments concerning the physics of the enhangon see for instance Ref.s M. 
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twisted 1^ and this allows to preserve the desired amount of supersymmetry. To hnd the 
supergravity solution describing the D4-branes, we will use the techniques introduced in 
Ref. 1^, which amount to hnd a solution of a lower dimensional gauged supergravity and 
then uplift it to ten or eleven dimensions. We will then use the uplifted solution in a probe 
computation in order to extract information on the Coulomb branch of the gauge theory 
which lives on the hat three-dimensional part of the world-volume of the brane, which is 
pure J\f = 4:,D = 2 + l super Yang-Mills with gauge group SU{N). 

Then, we will consider a system made of N fractional D2-branes and M D6-branes on 
the orbifold /'L 2 and, solving explicitly the equations of motion of type IIA supergravity, 
we will hnd the corresponding classical solution. The probe computation will give us 
information on the same three-dimensional theory, now also coupled to M hypermultiplets 
in the fundamental representation of the gauge group. 

In both approaches we hnd that, as in other cases, the probe analysis correctly repro¬ 
duces the perturbative part of the moduli space, giving the exact running coupling constant 
of A/” = 4 super Yang-Mills in three dimensions, but is unable to give the instanton con¬ 
tribution. This analysis allows us to make some comments on the relation between the 
two solutions and to see that in both cases the gauge coupling constant can be obtained 
from a common expression representing the “stringy volume” of the two-cycle on which 
the branes are wrapped. Moreover, in both cases the locus where the “stringy volume” 
vanishes corresponds to the point where the Calabi-Yau two-fold in which the cycle is 
embedded manifests an enhanced gauge symmetry, which is the origin of the enhangon 
mechanism. 

The structure of this paper is as follows. Section ^ and are organized in an entirely 
parallel way, and can be read independently from each other. They describe the two 
different brane systems that we study in order to get information onA/' = 4,Zi) = 2-|-l 
super Yang-Mills theory from supergravity, namely a system of N D4-branes wrapped on 
5^ (in section |^) and a system of N fractional D2-branes and M D6-branes on the orbifold 
M^/Z 2 (in section ^). In section ^ we discuss and comment the results of the previous 
two sections. Many details of the various computations are given in the appendices. In 
appendix ^ we £x the conventions and discuss in detail how the two supergravity solutions 
were found. In appendix ^ we discuss the world-volume actions for fractional branes. 
Finally, in appendix y we give some details about the perturbative computation of the 
running coupling constant of the gauge theory that we consider. 


2 D4-branes wrapped on S" 


2.1 Setup 

In this section we are going to consider a system made of N D4-branes with two longitudinal 
directions wrapped on a two-sphere. 

As discussed in Ref. , the gauge theory living on the world-volume of wrapped branes 
has to be topologically twisted. In this subsection we want to determine the topological 
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twist that is needed in order to obtain at low-energy on the flat part of the world-volume 
of the D4-branes A/” = 4 super Yang-Mills theory in three space-time dimensions, that is 
a theory with 8 supercharges. The twist which preserves 8 supercharges is exactly the one 
imposed by the geometrical structure of the background when the two-sphere is seen as a 
nontrivial two-cycle inside a Calabi-Yau two-fold. 

The configuration that we are going to study is schematically shown in the follow¬ 
ing table, where the symbols -, ^ and ■ represent respectively unwrapped world-volume 
directions, wrapped world-volume directions and transverse directions: 


CY 




^2 

N 2 

R'^ 

D4 

- 

- 

- 

/~N 


□ 

□ 

□ 

□ 

□ 


In flat space, the presence of the D4-brane breaks spacetime Lorentz invariance in the 
following way: S'0(l,9) —> S'0(l,4) x 5'0(5 )_r. The fact that the D4-brane is wrapped 
on introduces an additional breaking of S'0(l,4) into S0{1,2) x SO{2)s2. The twist 
is then introduced by breaking the /^-symmetry group SO{5)ji into SO{2)g x S0{3) and 
by identifying SO{2)g with SO{2)s2. In conclusion our configuration breaks the original 
S'0(1,4) X SO{5)ji into >S'0(1, 2) x SO{2)s2 x SO{2)g x S0{3) with the two SO{2) groups 
identified. The fields of the gauge theory living on the wrapped D4-branes transform 
according to the following representations of the above groups: 


^0(1,4) 


^0(1,2) X ^ 0 ( 2)52 


^ 0 ( 5 ) 


R 


S0{2)g X ^ 0 ( 3 ) 


Vector 


(3,1) 


1,2 


1,1 


Scalars 


1,1 


:i.3) 


2,1 


Fermions 


( 2 ,+) 


2 ,- 


(+, 2 ) 


-,2 


Since we are interested in the three-dimensional theory living on the flat part of the 
world-volume at very low energies, we must keep only the massless states, which are the 
ones transforming as singlets under S0{2)d = {SO{ 2 )s 2 x S'0(2)G)diag: 



A0(l,2) X S0{2)d X Y0(3) 

Vector 

( 3 , 1 , 1 ) 

Scalars 

( 1 , 1 , 3 ) 

Fermions 

2 X ( 2 , 1 , 2 ) 


These states form exactly the vector multiplet ofN" = 4, D = 2 + 1 super Yang-Mills 
theory. 


2.2 The super gravity solution 

In this subsection we will construct a supergravity solution describing the system just 
introduced, made of N D4-branes with two world-volume directions wrapped on 3“^ . One 
could in principle work in ten-dimensional type IIA supergravity, write a suitable Ansatz 


5 






for such a system, then solve the equations of motion and hnd the solution. This is, 
however, not a simple task because it is not easy to implement directly in ten dimensions 
the topological twist that we have discussed in the previous subsection from the point of 
view of the gauge theory living on the brane. One has to proceed in a longer, but more 
straightforward way that has been introduced in Ref. |^. Instead of working directly in 
the ten dimensional theory one starts by considering, for the case of a p-brane, a (p + 2)- 
dimensional gauged supergravity theory that is obtained by compactifying the original D- 
dimensional theory (where of course D = 10 for the case of a D-brane or NS5-brane and D = 
11 for the case of an M-brane) on The isometry group SO{D — p — 1) of 

corresponds to the R-symmetry group that we discussed in the previous subsection. In 
gauged supergravity the R-symmetry group is gauged so that the theory contains SO{D — 
p — 1) gauge helds. In this theory one looks for a domain wall solution that preserves 
the desired amount of supersymmetry and breaks the original R-symmetry group in a way 
that implements the correct twist. In fact, in gauged supergravity the supersymmetry 
preserving condition contains also the gauge helds and can schematically be written as 
(9^ + o;^ + Afj) e = 0. The discussed twist corresponds to the identihcation of some of the 
gauge helds with the spin connection of the manifold around which the brane is wrapped, 
, so that the request of hnding covariantly constant spinors is equivalent to 
that of just hnding constant spinors. Once the solution with the correct properties has 
been found, the last step is to uplift it to D dimensions by using the formulas given in 
Ref.s |3|,g. 

In the following, in order to avoid many new calculations, we do not use directly a 6- 
dimensional gauged supergravity as it would be natural for a D4-brane. We will instead pro¬ 
ceed in slightly diherent way by exploiting the fact that the solution of seven-dimensional 
gauged supergravity corresponding in eleven dimensions to an M5-brane wrapped on 
and preserving 8 supercharges has already been constructed 0. Therefore we proceed as 
follows. We start from the solution of 7-dimensional gauged supergravity given in Ref. , 
and uplifting it to eleven dimensions using the formulas found in Ref. we obtain a solu¬ 
tion of 11-dimensional supergravity describing N M5-branes wrapped on 5^. Finally, upon 
compactihcation to ten dimensions we get the desired solution describing N D4-branes 
wrapped on 5^. The details of this procedure are given explicitly in Appendix |A.1| . Here 
we write directly the ten-dimensional solution in the string frame, which readsQ: 


\Ro J Rq 

+ + sin^ Odcp"^) + sin^ y (^dijj + cos 6d(^ ^ , 

(2.1a) 

^20^ (2.1b) 

"‘This solution was partially given in appendix 7.4 of Ref. [|j. 
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R\ cos^ X cos 9 sin 9 




8 A 

R\ (A + 2) cos^ x sin x cos 9 


A2 


d9 /\d(p f\ dip 

dx /\ dip A (d'ljj + cos 


R\ 9p(e®'^)cos^xsin^xcos6' 
~8 A2 


dp A dip A (^dxjj + cos 9dp^ , 


where the functions and A entering the solution are given by: 


^ 5 A _ + ke - 1 

e2p _ 1 


A = cos^ X + sin"' x • 


(2.1c) 


(2.2a) 

(2.2b) 


Before proceeding let us give a short explanation of the various coordinates and constants 
appearing in eq.s 0-0: 


• («,/9 = 0,1,2) are the coordinates along the unwrapped brane world-volume; 

• 9 ,ip are the coordinates along the wrapped world-volume; 

• p is a radial coordinate transverse to the brane; 


X, 9, ip, 'll) parameterize the “twisted” four-sphere transverse to the brane; 

Ra is the radius of the AdS^ space appearing in the near horizon geometry of the 
usual “flat” M5-brane solution (see appendix |A.1|) , which is given in terms of ten 
dimensional quantities by Ra = 2 \/^{TigsNYA ^ 

Rq is an arbitrary integration constant with dimension of a length that we will show 
to set the scale of the radius of the 3“^ on which the D4-branes are wrapped; 


• fc is a dimensionless integration constant. 


All coordinates are dimensionless except which have dimension of a length. 

A D4-brane is coupled naturally to a 5-form potential while the solution given above 
contains a RR 3-form potential. However, the latter is related to by the duality relation 
dC^ = *dC^ (in the string frame). By using it we get: 


R^ ~ ~ 

C 5 = Ae^^ - i) sin 9 d^^ A d^^ A d^^ Ad9 Ad(p 
Rq 

d6 1 / _ 

-^ sin^ X A d^^ A d^^ A dp A (dY + cos 9dip 

Rq 2 V 

— ^e^^e^^sin(2x) A d^^ A d^^ A dx A (dip + cos9dip 

Rq 8 \ 


(2.3) 
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A change of coordinates 

The supergravity solution for the D4-branes wrapped on 5^ as given in eq. (H) is written 
in a way in which the role of the different coordinates and factors is not immediately clear. 
The hrst thing that we can do in order to clarify the role of the various terms appearing in 
the solution is to extract the warp factors for the longitudinal and transverse part of the 
metric in the string frame. They are given in terms of a function H that for a D4-brane is 
related to the dilaton through the following relation: 


H = = 


Rq 

Ra 


A-^e-^r 


(2.4) 


Using the previous dehnition of H, one can immediately see that the dependence on H 
of the four longitudinal unwrapped directions of the metric is the one corresponding to 
four “flat” world-volume directions: H~^RT]apd^°‘d ^^, as expected. We also expect three 
transverse directions {6 , ip and a suitable combination of p and y) to be flat, apart from the 
usual warp factor . This can be seen to be correct^] by using instead of the coordinates 
p and y the following new coordinates: 


R\ 2o 

r = TT^e ^ COSY 

2Hq 


(7 = 


^ P" - i) e“] ‘■'^sin X' 


( 2 . 6 ) 


which have dimensions of a length. In terms of the new coordinates in eq. (p.5|) , the solution 
for the metric, dilaton and R-R 5-form becomes: 


dsl = 


Vapd^°‘d^^ + ZRQ{d6^ -I- sin^ Odp^^) 




dr'^ + (^dO^ + sin^ 9dp'^) + ^ (+ cos Odp^ 


e^ = H-R\ 

C 5 = A d^^ A d(^ A 


—ZRI sin 9 d9 A dp — A [d'lp + cos 


where the functions H and Z are (implicitly) dehned as: 




Z{r, a) = e 


— p-2p(no-) ( p2p(r,(7) _ 


(2.6a) 

(2.6b) 

(2.6c) 


(2.7) 


In the form given in eq. (0) the structure of the solution is much clearer. First of all 
one can clearly distinguish the trivial “flat” part of the solution from the nontrivial part 


®See also Ref.s |^, Q for related discussions. 










coming from the internal directions of the four-dimensional Calabi-Yau space. In this 
sense, the coordinates r and a that we have introduced represent two radial directions, 
respectively in the “flat” transverse space and in the space N 2 transverse to the brane but 
nontrivially hbered on the two-cycle on which the brane is wrapped. Moreover, the function 
Z represents the “running volume” of the two-cycle, with the constant Ro being the radius 
of the S'^ when Z = 1, while in the part of the metric containing a and '0 we can easily 


see the twist which, as we have seen in section |2.1| , is required for having a supersymmetric 
gauge theory living on the brane. Finally, also the R-R potential has a quite standard part 
times the volume form of the longitudinal space), plus an additional part due to the 

twist. 

Another change of coordinates can be implemented to extract some additional piece 
of information about the solution. If we dehne a new coordinate ^ and a function Z as 
follows: 


^ — Rq (1 + 


Z = Z 1 + 






1/4 


-1/2 


(2.8) 


the metric in eq. (|2.6a|) becomes: 


^ z^(dd^ + sin^ 0d(p^)j + 1/1/21 ^^2 ^ ^2 ^^^2 ^ gj^2 

. (2.9) 


1 


R^n 


4 \ -1 


\ 2 


4(l-^j dz^ + z^ I 1-^J (^d^ +cosddifj 


The metric we have obtained on the four-dimensional space spanned by the coordinates 
is that of a “warped” Eguchi-Hanson space |^. This fact provides additional 
evidence of the geometrical structure of the background: the D4-branes are wrapped on 
the two-sphere, of radius Rq , inside the simplest ALE space (which corresponds to the 
blow-up of an R^/Z 2 orbifold)[[ 

2.3 Probing the wrapped brane solution 

In order to extract information on the gauge theory living on the D4-branes, we will study 
the dynamics of a probe D4-brane wrapped on in the geometry generated by the solution 
found in the previous subsection (see Ref. for a review on the probe technique). This 


®As an aside, notice that, using eq.s (2.4)-(2.5) and eq. (2.8), also the M5-brane solution (0) (from 
which we der ived the D4-brane solution) can be brought into a form analogous to the one given in eq. ( |2.6| ) 
or in eq. (^). These forms for the classical solutions describing wrapped branes seem indeed to be quite 
general. For instance, changes of coordinates similar to the ones implemented here can be used to put in 
these forms also the solution found in Ref. for D5-branes wrapped on . 
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will allow us to study the Coulomb branch of pure A/” = 4 SYM theory in 2 + 1 dimensions 
with gauge group SU{N + 1) —>• SU{N) x U{1). The world-volume action for a single 
D4-brane in the string frame in the static gauge is given by: 

cP^d9d(pe~'^\/— det [Gab + ‘^'^ct'Fab] H —- [ {C^ + 27ra'C'3 A F) , 

Jms 

( 2 . 10 ) 



where a, 6 = {0,1, 2, 9, ip} and all the bulk helds are understood to be pullbacks onto the 
brane world-volume. 

Let us hrst compute the static potential between the probe and the stack of N D4- 
branes, simply by substituting the solution (|2.6|) into eq. (|2.1CI|) . The contribution of the 
Dirac-Born-Infeld part is given by: 


_^p2 / 2rr\l/2 

det Gab = sin6'-^ \ l + j • (^-H) 

Adding to it the Wess-Zumino part, whose contribution is computed using the expression 
(p.6c|) of the R-R 5-form, we get the following expression for the static potential: 


‘S'pot — 




K 


d^^d9d(p sin 9 


£R| 

H 



a^H 



( 2 . 12 ) 


We see that in general there is a force between the branes, and this means that the con- 
hguration is not supersymmetric. This had to be expected in some way because we are 
allowing the probe brane to move in all its transverse directions, including also the ones 
which are inside the Calabi-Yau space. If instead we allow the probe brane to move only 
in the “flat” part of the transverse space spanned by {r, 9, tp} , keeping it hxed at the locus 
cr = 0 in the “internal” transverse space, we see that the potential ( 2.12|) vanishes, yielding 
a supersymmetric conhguration. Therefore in the following we will always work at the 
“supersymmetric locus” <7 = 0. 

In order to study the dynamics of the probe brane, we will allow the transverse coor¬ 
dinates X* = {r, 0, (f)} to depend on the “flat” world-volume coordinates but not on the 
“wrapped” ones x and y. Moreover, the gauge held Fap is dehned to be nonvanishing only 
on the “hat” part of the world-volume. Let us start from the DBI part of the action in 
eq. (|2.10|) . By expanding the determinant, we hnd: 




,Sdbi ^- - d^^d9dife-‘f’^y-det G 


Hi 


ab 


X (l + . (2.13) 


Inserting the expressions (|2.6a)) and ( p.6b|) for the metric and dilaton we get: 


Sdbi =[ d^^d9d(p sin 9^^ 
2k I H 


1 -I- -H [{dry + {{99^ + sin^ 9{dipy) ] -|- 


{27ra 


/\2 


-HF^ 


(2.14) 
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where we have included an additional factor of 1/2 due to the normalization of the gener¬ 
ators of the gauge group. 

Notice that when 2 = 0, the effective tension of the brane vanishes, meaning that an 
enhangon mechanism is taking place |^. Since, in order to preserve supersymmetry, we 
have hxed a = 0, the enhangon radius is given by: 


^ 7rg,(a')^/^N 

Q p2 p2 

o/Iq -n-o 


(2.15) 


In fact, this seems to be a general feature (albeit somewhat unnoticed in the literature) of 
the supergravity solutions corresponding to D-branes wrapped on cycles^. The fact that 
the solution is no longer valid inside the enhangon radius seems to prevent us from getting 
nonperturbative information on the gauge theory under study. 

The transverse scalars have to be interpreted as Higgs helds for the gauge theory living 
on the brane: X* = 27ra'$*. Then, dehning fi such that r = 27ra'/i and integrating over the 
volume of the two-sphere on which the brane is wrapped, we obtain the hnal expression 
for the DBI part: 


5'nRT — 


47rT4 f 

' 2k J 

X |l + 




^ H 

{2Tia'y 


H + /i^ {{dey+ sin^ eidifY) ] + 


Turning now to the WZ part, the pullback of Cs is given by: 

Cs = ^Ra cos 9 sin 9da(pd^^ Ad9 Ad(p . 
8 

Then from eq. (EB we get: 


Swz — 


K 

AttT^ 

K 


d^^dOdcp sin 9 


(ZRl ^ 27ia'R\ 
1“^ 


+ 


16 


cos 9e°‘^'^da^Fi3^ 




(ZRl 27ia'R^ 




+ 


16 


cos 9e°‘^^da‘A)Fij^ 


(2.16) 


(2.17) 


(2.18) 


Putting eq.s (|2.16|) and ( p.l8|) together and substituting the expressions for T 4 , k , Ra and 
for the function Z, the probe action hnally becomes: 




probe 




27rgsV a' 


1 


15 {{a»r + OidvA ]+^ 

N f 

-I-— / d^^ cos 9e°‘^'^da'^Fp^ . (2.19) 


^Notice however that the nature and location of the singularities of the metric depend on the value of 
the constant k appearing in eq. (2.2), as discussed in very similar cases in Ref.s 1^, 1^ . Nonetheless, 
gauge theory physics as seen by the brane probe at the supersymmetric locus is independent of k , and 
only feels the existence of the enhangon. 
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From the coefficient of in eq. ( |2.19|) we can read the running gauge coupling constant 
of the three-dimensional gauge theory as a function of the scale /r. Dehning the bare 
coupling as: 


2 _ 271 gWa' 

9yM — d2 

Kq 


( 2 . 20 ) 


the running coupling constant is given by: 


9ym{9) 9ym 


(, 9^ymN\ 

V dvr/i y ’ 


( 2 . 21 ) 


in perfect agreement with gauge theory expectations, as shown in appendix y. 

Eq. (p.l9|) does not give explicitly the full metric on the moduli space of A/” = 4, 
D = 2 -|- 1 SYM theory. In fact such a metric must be hyperKahler 


and in eq. (|2.19|) 

we have only three moduli and not four as it should be in a hyperKahler metric. We need 
an extra modulus that can be obtained by dualising the vector held. In order to do that, 
we regard the original action in eq. (|2.19|) as a function of Faj 3 and we add to it a term: 


E dF, 


( 2 . 22 ) 


so that the equation of motion for the auxiliary held E enforces the Bianchi identity for 
F on shell. By partially integrating the additional term in eq. ( |2.22|) , we are left with the 
following action: 




probe 



((def + Axe0(dvY) ] + jfd 
+ ^/+ i y . (2.23) 


We can then eliminate F by means of its equation of motion that follows from eq. 




N 

- COS 6dag7 + daTx 

dvr 


(EH): 

(2.24) 


and we arrive at an action that contains four moduli, given by: 

*^probe = ~ j ^ ] 

+ £/ym(/^) I • 


12 






















The complete metric on the moduli space A4 of the gauge theory, in terms of the 4 scalars 
Id, 6 , (p cmd S is dually given by: 

dsl^ = (d/i^ + li^dQ^) + (dE + , (2.26) 

where dfl'^ = dO'^ + sin^ 6d(p‘^ . The metric in eq. ( p.26| ) is indeed hyperKahler since it has 
precisely the form of the Taub-NUT metric However, because of the form given in 
eq. ( p.21|) of the function gYM{.^J) our metric has a “negative mass” and thus is singular. 
This is due to the fact that in our probe analysis we are only able to reproduce the 
perturbative behaviour of the gauge theory. As discussed in Ref.s ||2^, the complete 
metric should also include the instanton contribution, becoming a completely nonsingular 
generalization of the Atiyah-Hitchin metric. 

3 Fractional D2/D6-brane system 

3.1 Setup 

In this section we consider a system of fractional branes on the orbifold: 

Ri’^xRVZa, (3.1) 

where Z 2 acts by changing sign to the last four coordinates: 

r^6 7 8 9 1 _^ r_ 6 _ 7 _ 8 _ 91 

1 JU ^ Ju ^ tXj ^ JU f ' j •jU ^ JU ^ JU ^ JU ( • 

To be precise, we are going to study a condguration of type IIA string theory^, made 
of N fractional D2-branes extended along and M D6-branes extended along 

a;°, x®,... , as shown schematically in the following table, where the symbols - 

and ■ denote respectively coordinates which are longitudinal and transverse to the branes: 




0 

1 

2 

3 

4 

5 

6 

7 

8 

9 

D2 

- 

~ 

~ 








D6 

- 

- 

- 




- 

- 

- 

- 


A peculiar feature of the fractional branes transverse to the orbifold space (as the D2- 
branes that we are considering) is that they are stuck at the orbifold dxed point x^ = x'^ = 

= X® = 0 . 

The orbifold projection breaks half of the supersymmetry of type IIA theory, and so 
does the considered D2/D6-brane system. We are then left with 8 supercharges. Thus, at 
low energy the theory living on N fractional D2-branes isA/' = 4,Zl = 2 + l SYM theory 

®Classical solutions describing fractional D-branes in type IIA orbifolds were constructed in Ref. po|]. 
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with gauge group SU (iV). Moreover, from the point of view of this gauge theory the strings 
stretching from the D2 to the D 6 -branes and vice-versa make up M hypermultiplets which 
transform in the fundamental representation of the gauge group. 

In order to describe the above system by means of a supergravity solution, we have 
to study how the low-energy helds which appear in the effective action behave in the 
background (|3.1j) . Our background is characterized by the presence of a 2-form uj 2 , Poincare 
dual to the exceptional 2-cycle S 2 of the ALE space which is obtained by the resolution of 
the orbifold. In the orbifold limit, the volume of S 2 vanishes, but the background value of 
the integral of B 2 on it has to remain hnite in order to dehne a sensible GET [^, : 



The 2-form 002 satishes the following properties: 


a;2 — —*'‘a;2 , 



UJ 2 A UJ 2 


I ALE 



(3.2) 


(3.3) 


The supergravity helds can have components along the vanishing cycle, so the following 
decomposition holds for the NS-NS two-form and the R-R three-form: 


B 2 — B 2 buj 2 , C 3 — C 3 -\- Ai A UJ 2 ■ 


(3.4) 


Since we will be looking for supergravity solutions which represent branes without a B 2 
held in their world-volume, in the following we will put B 2 = 0 , so we simply have: 

B 2 = b(jj 2 , G 3 = G 3 -|- Ai A i02 1 (3-5) 


where, because of eq. (p. 2 |) : 


b = 



(3.6) 


and b represents the huctuation around the background value of b. We will sometimes 
refer to the helds b and Ai in eq. (| 0 |) as “twisted” helds because they correspond to the 
massless states of the twisted sector of type IIA string theory on the orbifold. 

Having given the main features of the system that we are going to study, we now turn 
to the supergravity solution. 


3.2 The supergravity solution 

In this subsection we will discuss the supergravity solution describing the fractional D2/D6 
system that we have introduced in the previous subsection. The solution is derived in detail 
in appendix |A.2|. Here we will only summarize the procedure followed to hnd it. 
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The first step is to substitute the decompositions for B 2 and C 3 given in eq. ( p.5|) into 
the type IIA supergravity action, and to derive the equations of motion for the “untwisted” 
helds , (f), C 3 and Ci and for the “twisted” ones b and Ai. 

Then, we impose the standard Ansatz for the “untwisted” helds corresponding to a 
D2/D6 system|^: 

ds^ = + E^J^E^J^dijdx^dx^ + E^^E~^l^d^qdx^dx^ , (3.7a) 

= eI^^E~^^\ (3.7b) 

C 3 = {E^^ — 1 ) dx^ A dx^ A dx"^ , (3.7c) 

where the function E 2 depends on the radial coordinate p = (a;^)^ + ... + (a;^)^ of the 

space transverse to the D2-brane, while the function E^ depends only on the radial coor¬ 
dinate of the common transverse space r = Sijx^x^ . 

In order to write down a sensible Ansatz for the helds Ai and Ci , we need to take into 
account the contribution coming from the boundary action describing the world-volume 
theory of the branes. After some calculation it is easy to get convinced that the following]^ 
is a sensible Ansatz for the helds Ai and Ci: 

dAi = Cl A db + ^eijkE^dibdx^ A dx^ , (3.8a) 

dCi = ^SijkdiE^dx^ A dx’^ , (3.8b) 


where £345 = = -|- 1 . 

Substituting our Ansatze in the equations of motion and computing all the relevant 
contributions coming from the boundary action Sb , the hnal solution for the fractional 
D2/D6 system can be expressed in the following form|^: 


ds^ = E-^I^E-^'^^p^pdx^dx^ + E^^^El^^dijdEdx^ + E^^^E~^^^6pgdxPdx'^ , 


— -“2 rig 


C 3 = (772 ^ ~ 1 ) A dx^ A dx^ , 


QsV^M 

Cl = ---cos Udp , 


Ai — 


2 /9s 
-TT a — 


V^{4N - M) 


cos 9dp , 




(3.9a) 

(3.9b) 

(3.9c) 

(3.9d) 

(3.9e) 

(3.9f) 


®The coordinates are labeled as: a,l3 = {0,1, 2} , 7 j = {3; 4, 5} and p,q= {6, 7, 8,9} . 

When M = 0, the Ansatze for Ai and Ci coincide with the ones given in Ref. . 

^^Notice that, in order to easily express the fields Ai and Ci in eq.s (3.9), we have changed coordinates 
in the common transverse space into polar coordinates: {x^, A, a;^) —> (r, 9, tp). 
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where: 


2 


Heir) 


^ gs\^M 
2 r 


Zir) 





gs^i2N - M) 
r 



(3.10) 


and where H 2 is the solution of the following equation (see eq. ( A.23a ) in appendix A. 2 ): 


+ HedPWpdg) H 2 + -He 6 ^^dibdjb 6 {x^) ■ ■ ■ 6 ix^) + KT 2 N 6 ix^) ■ ■ ■ 6 ix^) = 0 . (3.11) 


From the solution given in eq. (|3.9|) we can also compute the expressions for the helds 
Cj and A 3 which appear naturally in the string theory. The duality relations are|^: 


dCT = (3.12a) 

dAs = e ^/2 * 6(^2 -dbACs, (3.12b) 

and the explicit computation gives: 

Cy = (Hq^ — 1) dx^ A • ■ ■ A dx^ , (3.13a) 

A 3 = b dx^ A dx^ A dx'^ . (3.13b) 


Notice that the held C 7 has a quite standard expression, due to the specihc form of the 
Ansatz in eq. (|T^) . 


3.3 Probing the fractional brane solution 

In this section we will study the world-volume theory of a probe fractional D2-brane, 
which is placed in the background given in eq.s ( |3.9|) at some hnite distance r in the 
transverse space a;^}. This will give us information about the Coulomb branch of 

A/” = 4 three-dimensional super Yang-Mills theory with gauge group SU{N -|- 1) broken 
into SU{N) X 17(1), coupled to M hypermultiplets in the fundamental representation of 
the gauge group. 

Let us start from the world-volume action for a single fractional D2-brane, which is 
given by eq. ([B.9|) in the case of p = 2: 




probe 


2 k 


d^^e — det [Gag + e~'^/‘^ 2 'Ka'Fai 3 \ [ 1 + 


2'K‘^a' 


To 


+ (C 3 + 2 WC 1 A T) , (3.14) 

2k Jm3 


^^The duality relations can be derived from the equations o f mo tion ( A.13a ) and ( A.13c ), for which the 
terms coming from the boundary action vanish (see appendix A.2). 
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where all bulk fields are understood to be pullbacks onto the brane world-volume and the 
fields C 3 and C\ are given by: 


^3 = ^3 
^1 = ^1 



+ 


+ 




2 n‘^a' 

Ai 

2 n‘^a' 


27r^a’ H2He 

—gs\f^{2N — M) cos 6 d(p . 


(3.15a) 

(3.15b) 


The computation is analogous to the one performed in section p.3| . We fix the static 
gauge, and regard the coordinates {x^, x^} transverse to the probe brane as Higgs fields 

of the dual gauge theory: x® = 27ra'<h®. We also define polar coordinates (/r, 6 ^ ip) in the 
moduli space of the <h®, so that r = 271 a'p. 

Expanding the DBI action for slowly varying world-volume fields and keeping only up 
to quadratic terms in their derivatives we get: 


‘S'dbi — 


'a 


‘^9s 


d^x 


2 'k’^q' 




— [ d^x 
2 k 


I 


2'K‘^a' H.Ha 


(3.16) 


Turning to the WZ part and substituting the expressions (|3.15|) into eq. (|3.14|) we get: 


*S'wz — 


2 k 



1 Z 

277‘^a' H 2 HQ 



+ 



27TaCipdp A F 


(3.17) 


We easily see that the position-dependent terms cancel as expected because fractional D2- 
branes are BPS states and do not interact with the D2/D6 system. Ignoring the constant 
potential, the final result is: 




'a 


probe 




d'^x 


2 'K‘^a' 


[(cl/i)^ /i^ {{dOf + sin^ d{dpf) ] -h 


IGtt 


d^x{2N - M) cos . (3.18) 


When Z = 0 the effective tension of the probe vanishes and this means that also in this 
case, as expected, an enhangon mechanism is taking place at the radius: 


re = y/a'gs{2N - M). 


(3.19) 


Substituting in (|3.18|) the expression of Z in terms of /r, we obtain: 




'a' 


probe 




d'^x 


1 - 


gs{2N-M) 

27r\/cZg, 


IGtt 


■ [{dp)^ j/ {{dOf + sin^ 0{dpf) ] -F -F" 


d^x{2N - M) cos . (3.20) 
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From the coefficient of the gauge held kinetic term in the previous action we can read the 
running coupling constant: 


9ym 


fi'YM(h) 

where we have dehned the bare coupling as: 


1 2 
9ym' 


2N -M 


Svr/r 


2 _ ‘^9. 

9ym — 


a' 


(3.21) 


(3.22) 


Eq. (|3.21|) is exactly what expected for the gauge theory under consideration, as shown in 
appendix y. 

Exactly as in the case of the wrapped branes described in section ||, eq. (|3.2CI|) does 
not give explicitly the full hyperKahler metric on the moduli space of the gauge theory. 
We can obtain the needed extra modulus by dualising the vector held into a scalar, using 
exactly the same procedure which brought us from eq. (|2.19|) to eq. (|2.26|) in section 
The hnal result 

2 




{d^ + + 5'YM(h) ( ffi 


{2N - M) cos 6 
Stt 


dip 


(3.23) 


where dVL^ = d9‘^ + sin^ 9d(f‘^ . If we put M = 0 this metric coincides with the one found in 
eq. ( ^.26|) by probing the geometry of N D4-branes wrapped on 5^ . Again, we have found 
the hyperKahler Taub-NUT metric, but with a “negative mass” which makes it singular. 
Also in this case we have only recovered the perturbative behaviour of the gauge theory. 


Complete action for a D6-brane extended along the orbifold 


As in the case of the D7-brane analyzed in Ref. |T^, the supergravity solution corresponding 
to our D2/D6 system can also be used to get the form of the complete world-volume action 
for a D6-brane extended along the whole orbifold space. In fact, in deriving the classical 
solution corresponding to the D2/D6 system it was enough to consider only the linear 
terms in the bulk helds. However, since the D2/D6 system is BPS, we expect that when 
we insert the corresponding classical solution into the world-volume action of either the 
D2-brane or the D6-brane, we obtain a constant result. In the previous subsection we 
have seen that this is the case for a fractional D2-brane. If we instead insert the classical 
solution into the action of a D6-brane given by (as it follows from eq. (|A-18b|) for p = 2): 


^6 = - (- /+ [ Cr 
I J JMr 

+ (3,24) 

this case, the dualisation procedure can also be done directly in the original three-dimensional 
world-volume action, as in Ref.s Q, The result that one obtains coincides with that in eq. O- 
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we get terms that are dependent on the distance r between the D6-brane and the system 
D2/D6 described by the classical solution. The situation here is exactly the same as the 
one found in Ref. and as in that case we must add to the previous action higher 


order terms that restore the no-force condition. Including them we arrive at the following 
boundary action for a D6-brane extended along the whole orbifold space: 

n 




K, 


\J— det Gpa 


C, 


' Ai? 




2K2(27rv^)2 


— det Gap & ( 1 -l- 




(3.25) 


Rs 1 + 


>Mz 


dTT^a' 


C.h 1 + 


'Mi 


dTT^a' 


4 Discussion and conclusions 

In this hnal section we want to compare the two approaches that we have described in the 
previous section. Let us compare the two cases dual to the pure gauge theory, that is, in 
absence of D 6 -branes (M = 0) in the fractional brane case. 

Let us start by summarizing some of the properties and differences of the two systems: 

• Both systems are able to capture only the perturbative dynamics oi M = , D = 2 + 1 

SYM theory. 

• The role of the running coupling constant is played in the two supergravity solutions 
by two parameters: the “running volume” Z of the 2-cycle for the wrapped D4-branes 
and the “twisted R-£eld” b for the fractional D2-branes. 

• The enhangon, where the gauge coupling gyu diverges, is located at the locus where 
respectively Z = 0 and 6 = 0. 

Does it exist a closer relationship between the two setups? Both systems consist of 
wrapped branes. In fact, on the one hand, as we have seen in section a fractional Dp- 
brane can be seen as a D(p -|- 2)-brane wrapped on the vanishing two-cycle of the ALE 
space which corresponds to the blow-up of the orbifold. On the other hand we have also 
seen that the D4-branes considered in section are wrapped on a two-sphere inside the 
same ALE space, as explicitly shown in eq. ( p.9|) . In fact, the two systems provide exactly 
the same information about the gauge theory living on their world-volume. In order to 
see the connection between the two systems it is useful to write down a general formula 
that provides the perturbative running coupling constant of a general (p -|- l)-dimensional 
gauge theory living on the flat part of the world-volume of a D(p -|- 2)-brane wrapped on 
a (vanishing or not) two-cycle S 2 . It is given by the following expression: 

^ (S 2 ) . . 
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where = 2(27r)^ is the usual (bare) coupling constant of the gauge theory 

living on a Dp-brane in flat space and the dimensionless “stringy volume” Vst is given by: 

f"sT (S 2 ) = --^ [ A\/-det {Gab + Bab), (4.2) 

(27rv^) J 

where parameterizes the cycle S 2 , while Qab and Bab (^; B = 1,2) are the bulk 
metric without any warp factors and the i?-£eld on the cycle. 

We can easily see that the formula in eq. (^4.11) holds for the systems considered in 
sections ^ and H. For the three-dimensional gauge theory at hand, we have ( 7^2 = • 

For the case of the D4-branes wrapped on , we have: 


= ZRl 


° lO sin^^y ’ 


= 0 , 


(4.3) 


so that the “stringy volume” is given by: 


4st (^ 2 ) — 


ZRl 


(4.4) 


Substituting eq. (|4.4|) in eq. (O) we get the correct running for M = ‘i,D = 2 + l SYM 
theory with SU{N) gauge group: 


(5'YM)^(h') (S'ym)" 


1 - 


(a- 


47rp 


(4.5) 


where the bare coupling is dehned as in eq. o as follows: (Pym)^ = ■ 

If instead we consider the fractional D2-branes as D4-branes wrapped on the vanishing 
cycle S 2 , we find: 


g^ = 0 , = Zu!2 . 


Now the “stringy volume” is: 



(4.6) 


(4.7) 


and substituting eq. (f4.7|) in eq. (^4.1|) we get again the correct running coupling constant: 


1 ^ f. _ i9^YM?N \ 

(fi'W)^(h) V dvrp, / 


(4.8) 


where now the bare coupling constant is dehned as (Pym)^ = (|3.22|) . 

Notice also that if we choose the “background value” Vq of the geometrical volume 
on which the D4-branes are wrapped (that is, the volume of the two-sphere inside the 
Eguchi-Hanson space in eq. (p^.9|), once we remove the branes setting H = Z = 1) in such 
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a way that it coincides with the background value of the -B-held of the fractional brane 
case, Vo = AttRq = ^ the bare coupling constants (and enhangon radii) computed 

in the two cases become exactly the same in terms of string parameters. 

One can see that the formula 0) works perfectly also, for instance, for the case 
of A/" = 2 SYM in four dimensions, applying it to the fractional D3-brane solution of 
Ref.s [Tl|, 1^ and to the wrapped D5-brane solution of Ref. [|T^ . 


Although the two systems give the same perturbative gauge coupling constant, there 
seems not to be a “physical” limit in which one can obtain the fractional brane solution 
from the wrapped one or vice-versa, playing with the volume of the cycle. This is due 
to the fact that the two Ansatze are radically different in the warp factors, which are 
respectively the ones of a D4 and of a D2-brane, and is also due to the absence of a R-field 
on the world-volume of the D4-branes wrapped on S'^. On the other hand, if we look at 
the whole moduli space of the four-dimensional ALE space, we see that it is characterized 
by the volume of the exceptional cycle and by the flux of the R-held on it. These are the 
two moduli that are combined into the “stringy volume” in eq. (|4.2| ) which, as we have 
seen, provides the running coupling constant. The situation in the two cases can then be 
summarized by the following diagram: 



5 = 0, V = 0 

Enhanced 
gauge symmetry 



where, in the case of the wrapped D4-branes, we are keeping the size of the cycle hnite and 
the R-flux vanishing, while in the case of the fractional D2-branes the geometrical volume 
shrinks to zero size and in order to have a conformal orbifold we must give a dehnite hxed 
background value to the R-flux, which in the case of the Z 2 orbifold is . 

The limiting case in which both the geometrical volume of the cycle and the R-flux 
are taken to vanish is the point where the theory on the CalabRYau space manifests an 
enhanced gauge symmetry, which is at the origin of the enchangon mechanism. This is the 
point where the “stringy volume” vanishes and the supergravity solutions break down. 
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A Finding the supergravity solutions 

In the two sections of this appendix we will describe the way in which we have obtained 
the supergravity solutions describing, respectively, D4-branes wrapped on 3“^ and fractional 
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D2/D6-branes on the orbifold R‘^/Z 2 . 

We will be using the following conventions: 

• A metric in D dimensions has signature (—, . 

• e-symbols in D dimensions are dehned in such a way that 

£ ^ ^ — —£oi2-(d-i) — +t . 

• A p form is dehned as Up = A • • • A dx^p . 

• The Hod ge dual in D dimensions is dehned as 

Moreover, * denotes and * denotes . 


A.l D4-branes wrapped on 5^ 


In this appendix we explain how we have obtained the type IIA supergravity solution 
describing N D4-branes wrapped on , using the techniques and the solutions given in 

Ref. 0. 


Our procedure will be the following. We want to obtain the solution for the D4-branes 
by compactifying the solution for the M5-branes wrapped on 5^. The latter is found 
by uplifting to eleven dimensions a solution of 7-dimensional gauged supergravity with 
the correct identihcation between spin connection and gauge connection, by means of the 
formulas given in Ref. 
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The seven dimensional solution 

The starting point is the seven dimensional gauged supergravity considered in Ref. [§. 
Following that paper, we consider a ?7(1) x U{1) consistent truncation of the SO{5) gauged 
supergravity arising when one compactihes eleven dimensional supergravity on S'^. The 
bosonic held content of the truncated theory consists of two U{1) gauge helds two 

scalar helds (Ai_ 2 ) and a metric. 

The full solution of seven dimensional gauged supergravity is: 

(is(7) = -|- R\ — \){d6‘^ + sin^ M(p^) -f- e~‘^^dp^^ , 

= ^cosed(p, A(^)=0, 

A = A2, 2 Ai -|- 3A2 = 0 , 

_ 1 . 

This solution is exactly the one given in Ref. [^, although we have kept track of units 
and we have used standard spherical coordinates 9 and (p for the two-sphere on which the 


(A.la) 

(A. lb) 
(A.lc) 

(A.ld) 
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branes are wrapped. Ra = 2{tiNY^^ lp is the radius of the AdSj space appearing in the 
near horizon limit of the usual flat M5-brane solution, and Rq is an arbitrary integration 
constant with dimension of a length (which is ( 6 * 2 )“^'^^ of eq. (24) in Ref. 0). Finally, k is 
a (dimensionless) integration constant, which was called Ci in Ref. P|. All the coordinates 
entering in the above solution are dimensionless, except those spanning the unwrapped 
part of the world-volume of the brane, i = 0,... ,3, which have dimensions of a length. 


Uplift formulas and eleven dimensional solution 

The seven-dimensional solution can be lifted to eleven dimensions with the help of eq.s (4.1) 
and (4.2) of Ref. |Q, which we rewrite here: 

df = A^/^cis( 7 ) + {d^Y + /i• [dYi + j , (A.2a) 


‘'dC'i — 2g ^ ~ £{ 7 ) + 5'AXo ^( 7 ) + ^ ^ ^ *’^dXa A (i(/i; 

d a=0 


Q! = 0 


1 


+ ^ E X-^d{pl) A (d* + A '*). 

d i=l 


(A. 2 b) 

Here and below, hats will always refer to eleven-dimensional quantities. The above formulas 
are written in the notation of Ref. g is the seven dimensional gauged supergravity 
coupling constant, £( 7 ) is the seven dimensional volume form, ^d. 2 ) ^^pg f/(l) gauge 
helds, the Xa are a suitable parameterization of the 2 scalars present in the theory and A 
is given by: 




a=0 


where /Iq, parameterize a two-sphere: /^o + hi + hi = 1 - The quantities appearing in 
the uplift formulas are given in terms of those appearing in eq. ( A-l|) by the following 
expressions: 


9" 


Ra 

~Y 


.2A 


Ao = Ai = 

A = A = cos^ y -f- sin^ y , 


(A.3) 


^(7) 


det G(7) d^Q A ■ ■ ■ d.^3 A d9 A dip A dp, 
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where we have chosen the following parameterization for /ij: 


/io = cos X cos 6 , 

/ii = cos X sin 0 , (A.4) 

h 2 = sin X. 


By using the above expressions we are now ready to write the full solution in eleven 
dimensions: 


ds^ = AA3 ( (^ 
Rq 


rjijdCd^^ + — \){d9'^ + sin^ 9dip^) 


?2 _ 1 


R, 


4A 


+ A A3 I __ j I —^dp^ + Adx^ + cos^ xi.dd'^ + sin^ 9dip^) + sin^ x 


6 


^dC^ = ^ e^P{e^P - i) sin0 ( 2(A + 2) A ■ ■ ■ A df A A A dp 






Rt 

+ -^dp{e^^) sin(2x) d^° A ■ ■ ■ A d^^ A d9 A dp A dx 


sin(2x) 


16 — 1)2 sin d 


d^° A ■ ■ ■ A d^^ A dp A dx A [d'ljj + cos 


+ cos 9dp^ 
(A.5a) 


(A.5b) 


where we have also relabeled the angles appearing in ( |A.2| ): = p, 02 = '0- This 

solution describes the near horizon geometry of an M5-brane wrapped on a two-sphere. 
The unwrapped world-volume coordinates are the wrapped ones are 9 and <p, and 

the remaining coordinates are transverse to the M5. It can be easily seen that the metric 
in eq. (|A.5|) reduces to the one given in eq. (26) of Ref. 0 if we restrict ourselves to work 
at the IR hxed point analysed there. 

From eq. (A.5b) we can compute the three-form potential. It is equal to: 


R\ cos^ X cos 9 sin 9 


C^=-^ 


A 


d9 A dp A dp 


R\ e^'^( A -I- 2) cos^ x sin x cos 9 


8 A2 

R\ dp{e^^) cos^ X sin^ x cos 9 
“8 A2 


dx A dp A [d'ljj + cos 9dp 


(A.6) 


dp A dp A {d^l) + cos 9dp) . 


The last step consists in compactifying to ten dimensions the M5-brane solution just ob¬ 
tained along one of its non-wrapped world-volume coordinates (that we choose to be ^^) to 
get the solution describing the geometry of N wrapped D4-branes. The compactihcation 
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is obtained by means of the standard expressions in the ten dimensional string frame: 


{Gst)fiu — {GssY^'^G^i, , 

(A.7a) 

e 2 ^ = ( 633 ) 3 / 2 , 

(A.7b) 

{G3)fj,up = {C3)fj,ixp , 

(A.7c) 

where we have split eleven dimensional indices in /t = {/r, . 

This is all we need to get 


the hnal expression for the wrapped D4-brane solntion presented in section 

A.2 Fractional D2/D6-brane system 

In this section we will describe in some detail how to hnd the supergravity solution de¬ 
scribing a fractional D2/D6-brane system. We will always work in the Einstein frame. The 
Type IIA effective action in the orbifold background (|3.1|) is given, in our conventions, by: 


5'iia = 


2h? 


- A *F 2 - A *^4 + Fa A F 4 A F 4 U , (A. 8 ) 


where the held strengths are given by: 

F 3 = dB2 , F 2 = dCi , Fj = dC^ , F 4 = F 4 — C*i A F 3 , 


(A.9) 


and K = order to hnd a D-brane solution we must add to the previous bulk 

action a boundary action whose corresponding Lagrangian we call Cb ■ The equations of 
motion are then obtained by varying the total action S'ha + Sb ■ 

The hrst step in order to hnd a supergravity solution in the orbifold background (see 
for instance Ref. |11]) is substituting in the action (A. 8 ) the form (|3.5|) of the helds: 


B 2 — b(jj2 , — C *3 -|- Ai A UJ 2 ■ 

Recalling that the 2-form UJ 2 is normalized as in eq. (|3.3|) , one obtains: 


(A.IO) 


S,y = TJ / I [dit,/\'dit,-e^'^dCi/\'dCi-e*l'‘dCi/\'dC3'^ 


-f 

4 Jr1,5 


(e-^db A *^db - e^/^G2 A *^€2 -2b A dC^ A dAi) I , (A.ll) 


where we have introduced the quantity: 

G 2 = dAi — Gi A db. 


(A.12) 
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By varying the previous action one finds the equations of motion for the fields Ci, Cs , Ai, 


b and 0 respectively: 

d _ le'Z/2(i5 A *sG 2 a + 2^2^ = 0 , (A.13a) 

2 oCi 

1 A /* 

d *dC3) + -db A dAi A + 2^2^ = 0 , (A.13b) 

2 oCs 

A /* 

d (eZ-Z^ *6^2) + d6 A dCs + = 0 , (A. 13c) 

A f* 

d (e-Z- *6(^6 - A *«G2) + dCg A dAi + = 0, (A.13d) 

^ ^ do 

d*d(j) + A + ^eZ-Z^dCg A *^^3 

1 r 1 1 A /* 

+- e-Z- db A *^db + -eZ'Z2 G2 A *6^2 A ^4 + 2^^^ = 0 , (A.13e) 

4 L 2 J 00 


where we have defined 114 = 5{x^) ■ ■ ■ S{x^) dx^ A ■■■ A dx^. By varying the action with 
respect to the metric one gets also the Einstein equations that it is convenient to split 
into three separate equations (according to which components of the metric are involved 
in each case). By denoting with = {a;°,the coordinates on and by 

...,x^} the orbifolded coordinates we find the following equations: 

V - + 2'^"^ = A- + . (A'Wa) 

+ 2^^^ = T;, , (A.14b) 

R,, - \rg,, + 2^-^ = t;, . (A. 14c) 

The energy-momentum tensors above refer separately to those of the “twisted” and “un¬ 
twisted” fields, and are given by: 

Ac = \A<I>9A - \(d4'?G,A + -\(F^fG,,) (A,15a) 

A, = (^e-^idAdX - 09(>)"G,,) + \a^\G^,aG,J - \(G^?G,,)^ , 

(A.lSb) 

where, in the expression for indices /i, v run over the appropriate coordinates (accord¬ 
ing to the equation in which they are used) and, in all cases, summed indices (A, B,...) 
run over all ten dimensional coordinates. In the expression for G(6) refers to the de¬ 
terminant of the restriction of the ten dimensional metric to the 6-dimensional subspace 
Ri'^ 
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As explained in section |3.1| , we are interested in a bound state of N fractional D2- 
branes and M D 6 -branes. The world-volume of the D2-branes extends in the directions 
x‘^, while these branes are stuck at the orbifold hxed point = 0. 

The D 6 -branes extend in the directions x^,x^,x‘^ as well as along the orbifolded directions 

^6 ^7 ^8 ^9 


X ,x 
For the 
system: 


“untwisted” helds we consider the following standard Ansatz for a D2/D6 


ds^ = + H^^^Hl^^dijdEdE + H^^^H~^^^6pqdxPdx'^, (A.16a) 

= (A. 16b) 

Cs = {H 2 ^ — l) dx^ A dx^ A dx"^ , (A. 16c) 


where we have divided the coordinates in three groups: = {x^^x^,x‘^} denote the 

coordinates along the world-volume of both branes, ■ = {x^,x^,x^} denote the ones 
transverse to both, while x^’’^'"' = {x^, x'^, x^, x^} denote the (orbifolded) coordinates along 
the world-volume of the D 6 -branes and transverse to the D2-branes. The function H 2 
depends on the radial coordinate p = {x?Y‘ + • • • + (x^)^ of the space transverse to the 

D2-brane, while the function ifg depends only on the radial coordinate of the common 
transverse space r = y/dijx^. 

In order to hnd a sensible Ansatz for the helds Ai and Ci we need to take a more careful 
look at the contributions coming from the boundary action describing the world-volume 
theory of the branes. For our system, such an action is the sum of a term describing the 
D2-branes and a term describing the D 6 -branes: 


Sb = NS2 + MSe , 


(A.17) 


The relevant parts of the action (as explained in Ref. |^, only the linear terms contribute) 
are given by (see appendix 


Tc 


5*2 = — <( - / d^x e “^/^^-det ( 1 + 


2'ii‘^a' 


'M 3 


C 3 1 + 


+ 


Aq 


2Tr‘^a' / 27r^a 


, (A.18a) 


Tfi 


Se = -^^- j d'^x ei V- det Gp^ + j Cr 


(A.18b) 


where the indices a, (3,... run along the common world-volume AI 3 and p,a,... along the 
whole D 6 -brane world-volume AT 7 . 
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We notice that the previous boundary actions do not depend on the helds Ci and Ai. 
This means that eq.s (|A.13a|) and ( |A.13cD will not contain the contribution coming from 
the boundary action: 


d *dCi) - -e^/^db A a ^4 = 0 , 

d(e'^/2 *6(^2) + dbAdC 3 = 0 . 


(A.19a) 

(A.19b) 


Taking into account the expression in eq. (|A.16c|) for C 3 , we see that the second equation 
is easily satished by imposing: 


g 0/2 * 6 Q = Hr, ^db A dx^ A dx^ A dx^ . 


(A. 20 ) 


Eq. ( A-20|) implies that the second term of eq. (|A.19a|) vanishes. Then, eq. (A-19a|) can be 
satished by imposing: 


g30/2 ^ ^ 2 ;° A dx^ A dx^ A dx^ A ■ ■ ■ A dx^ 


(A. 21 ) 


Eq.s (|A-20|) and (|A-21|) imply after some manipulations the following expressions for Ai 
and Cl : 


dAi = Cl A db + -EijkHQdibdx^ A dx ’^, 

dCi = -SijkdiH^dx^ A dx^ , 

2 


(A. 22 a) 

(A. 22 b) 


where Eijk is such that £345 = e^'^^ = + 1 . 

We are now ready to hnd the complete solution. Inserting the Ansatze ( |A.16|) - (|A.22|) 
into the equations of motion ( A-13|) and computing all the relevant contributions coming 
from the boundary action Sh , after some algebra we get: 

+ HeSP'^dpdq) H 2 + ^HeS^^dibdqbd{x^) ■ ■ ■ 6{x^) + kT2NS{x^) ■ ■ ■ S{x^) = 0 , 

(A.23a) 


from the eq. (|A-13b|) for C 3 , 


kT 


Hud^WAb + 26^^diHedib) -^(4Ar - M) 6 (x^) ■ ■ ■ 6 (x^) = 0, (A.23b) 

V / dvr^^a;' 


from the eq. (A-13d|) for b and 

( {6^^did, + HndP'^dpdq) H2 + ]^Hii8^^dibd,b5{x^) ■ ■ ■ 




N-^M]5{x^)---5{x^) = Q, (A.23c) 
J -2 
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from the eq. ( |A.13e| ) for 0. Plugging eq. (|A.23a|) into eq. (|A.23c|) we get the following 
equation for the function Hq\ 


S^^didjHe = -2KTeM6{x^) ■ • , 

whose solution is given by the following harmonic function: 


Heir) = 1 + 


2 r 


(A.24) 


(A.25) 


Analogously, using eq. (IA-24D into eq. (A-23b|) we obtain the following equation for the 
function Z = Heb: 




kT, 


d,Z=^i2N-M)6ix^)---6ix^), 


(A.26) 


which is solved by: 


Z{r) = (i _ 


(A.27) 


where we have chosen the constant term in order to satisfy the condition (|3.6|) for the 
background value of the held b. We are now left with eq. (|A.23a)) , which is in general 
difficult to solve. Finally, after some computation one can show that with our Ansatz the 
equations (|A.14D for the metric are also satished provided that eq. ( |A.23a| ) holds. 

Finally, the helds Ci and Ai are obtained by integrating eq.s (|A-22|) . In order to do so, 
we change the coordinate system into polar coordinates in the common transverse space: 
ix^,x'^,x^) —>• ir,9,ip). Then we obtain: 


gsV^M 

Cl = -cos 9d(p , 


Ai = —TT a 


2 ,gsVcZ{4N - M) 


1 + 


Qb '/o' M 


cos 6 dg). 


(A.28a) 

(A.28b) 


2r 


The supergravity solution that we have found is summarized in eq. ( p.9|) . 


B World-volume actions for fractional branes 

The world-volume action for a fractional Dp-brane {p < 5) transverse to the orbifold space 
M^/Z 2 can be obtained in several ways. Recalling that a fractional Dp-brane is a D(p-|- 2)- 
brane wrapped^ on the vanishing cycle S 2 dehned in section p.l| , one can get the action 

be precise, we are considering fractional branes of “type 1”, which have a S-flux on the shrinking 
cycle but not an F-flux. 
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for a fractional Dj 9 -brane starting from the one of a D(p + 2)-brane, which in the Einstein 
frame is: 


Sp+2 — ‘S'dBI + *S'wZ : 


(B.l) 


with: 


‘S'dbi — 


K 

q ^P+2 

*JW7, — - 


^ J ^ {Bab + 2n-tt'F(,5) ] , 

J ^Arn4-?, 


B+27ra' F 


^ JMp+3 


(B.2a) 

(B.2b) 


where are the coordinates of the brane world-volume and Tp = 

^/TT(2TTy/FY~'‘’. All bulk fields in eq.s ( [B.2|) are pullbacks onto the world-volume A4p+3 of 
the brane. 

Let us start by considering the DBI part of the action. In order to wrap the brane 
on the cycle S 2 we have to impose the decomposition in eq. (|3.4|) for the held B 2 (we 
suppose that it has no components outside the cycle). The metric has no support on E 2 , 
so eq. (|B.2aj) becomes: 


^dbi — 


T, 


T 
• ZT. 

2 k 


^ f - det [Gap -Fez 27rQ:'F„^] e 2 / 6^2 , 

^ ' J T.2 

rfp+ije'ir^y/-det [Gag + e-{2ira'F„j] (1 + 


(B.3) 


where we have used eq.s (|3.2| - |3^) and the relation Tp = (27rA/a')^Tp+2 • The coordinates 
/?,... _ 1 ^ 0 ^ _ _ _ ^ j coordinates of the world-volume A4p of the fractional Dp- 

brane. Turning to the WZ part, we have to decompose the R-R potentials in a similar 
fashion as in eq. (|3.4|) : 


Cq — Cq + Ag-2 A UJ2 


(B.4) 


(notice that Cp +3 vanishes). To discuss what is the result of wrapping, let us hrst consider 
the highest rank held 6 *^+ 3 , whose contribution to the WZ action is given by: 


^p +2 

K 


' Mp+3 


Cp+3 — 


^ JMp+3 


Tp f Apj_l 

2k Jmp+1 27r2a' ’ 


where we have used eq.s (|3.3|) . Considering now Cp+i, one gets: 


(B.5) 


Tp+2 

K 


'Mp+3 


Cp+i A B 


Tp+2 

K 


'Mp+3 


Cp+ih A i+}2 


JL 

2k 


^ / G 


' Mp+i 


p+1 



(B.6) 
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Therefore the hrst term of the WZ action is: 


T 

-‘-p 

2k 


' Mp+i 


a 


p+i 


1 + 


27i'^a' 


+ 


A 


p+i 


27r^a' 


(B.7) 


If we consider any other lower rank potential, one can see that the relevant contribntions 
to the WZ action always involve the following combinations of helds: 


Cg = Cg 


1 + 


27r^a' 


+ 




27r^a 


/ ’ 


(B.8) 


This means that the world-volume action for a fractional Dp-brane can always be put in 
the form: 


iSp — S'dbi + S'wz 


where: 

-S'dbi = j \j- det + e~ 22 'Ka'Fap\ ^ 

^wz = |/ 

ZK JMp+i g 


(B.9) 

(B.lOa) 

(B.lOb) 


The precise expression of the action for a fractional Dp-brane is conhrmed by the couplings 
of the brane to the bulk helds, computed with the boundary state formalism and with 


explicit computation of string scattering amplitudes on a disk 


In this paper we also consider D-branes whose world-volume directions extend along 
the whole orbifold space, namely D(p-|- 4)-branes with four longitudinal directions along 
X®,... , X® and p -|- 1 along x°,... , x^ . In this case the terms linear in the bulk helds of the 
boundary action can be inferred from the couplings computed with the boundary state|^ 
ig. and one gets: 


-S'p+4 — 


T, 


p+4 


K 


det Gp,+ / Cp +5 
J A4p+5 



det Gap b 


' Mp+i 


^p+1 z + • • • , (B.ll) 


where are the coordinates of the brane world-volume Wlp+s, while are the 

coordinates along the part Afp+i of the world-volume which lie outside the orbifold direc¬ 
tions. The ellipses in the action (|B.11D stand for terms of higher order in the helds, not 
accounted by the boundary state approach. 

^^One has also to take into account the fact that the boundary state sees the fields correctly normalized 
on the covering space, while we are using fields that are correctly normalized on the orbifold p^. 
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C The running coupling constant ofA/^ = 4 , D = 2-\- 1 
SYM theory 


In this appendix, we briefly compute the expression of the running gauge coupling constant 
oiJ\f = A,D = 2 + l super Yang-Mills theory, in order to compare the perturbative gauge 


theory result 


(see Ref. 


for a review) with what we obtain from the supergravity 


solutions for the wrapped and the fractional brane systems. 

The one-loop effective action for a D-dimensional held theory expanded around a back¬ 
ground which is a solution of the classical held equations can be expressed as[3 




d^x 


4c/' 


4m 


2^^108 Ai + 




— 1 ) Tr log Aq — Nf Tr log A 


1/2 


(C.l) 


where Ng and Nf are respectively the number of scalars and Dirac fermions and where: 

= + (Ao)-* = - , A,/2 = !|>, (C.2) 

Du being the covariant derivative and the gauge group structure constants. The part 
of the determinants in eq. (|C.1| ) quadratic in the gauge fields can be extracted obtaining: 



where: 


I 


1 

(47r)^/2 



ds 

gD/2-l 



where p is the mass of the fields, and 


R 


'Ng 
—Cg -|- 
12 


D 


12 


26 2[^/2 ]jy 

- 6 - 


(C.3) 


(C.4) 


(C.5) 


where [D/2] = D/2 if D is even and [D/2] = if D is odd, and where the constants 
c set the normalization of the generators of the gauge group (Tr(A“A^) = C(5“^) in the 
representations under which the scalars, the vector and the fermions respectively transform. 
Concentrating on the case D = 3, we get: 


I = 


(47r)3/2 


ds 


= 


Stt/i 


D, 


(C.6) 


A bar on an operator in eq.s ( |C.1| ) and ( |C.2| ) indicates that the operator is evaluated at the background 
value of the gauge field. 
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with 


R = 2 


'N, 23 Nf 

—Co-H- -Cf 

12 12 3 ^ 


(C.7) 


In our case we have a theory with gauge group SU(N) and 8 supercharges, coupled to M 
hypermultiplets in its fundamental representation. The vector multiplet contains 2 Dirac 
fermions and 3 scalars, while each hypermultiplet is made up of 2 Dirac fermions and 4 
scalars. Recalling that c = | for the fundamental representation and c = N for the adjoint 
representation, eq. (|C.7l) gives: 

R=-2N + M, (C.8) 

and the running effective coupling given by eq.s (|(J.3|) - (|(J.(j|) is equal to: 

/ 


9ymM 


9ym 


2 

9ym 


2N-M 


STlfi 


(C.9) 


This expression of the one-loop running coupling constant is in complete agreement with 
both our results in eq.s (|2.21|) and ( p.21| ). 
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